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A recently devised trial wave function for the Heisenberg-Ising model is tested against linear spin
waves in the whole anisotropic region. The above wave function is asymptotically exact in the limit
of high anisotropy, and is constructed using locah'zed spin fluctuations over Neel states. The struc-
ture of this trial state is compared with the one presented by the zero-point state of the linear-spin-
wave theory. Striking similarities are found between both, despite that spin waves represent Auctua-
tions that encompass the whole system. A crossover between both approaches near the isotropic
point is attributed to a delocalization of spin fluctuations. We present results for one and two di-
mensions, and compare with exact results or numerical simulations.
I. INTRODUCTION
The ground state of antiferromagnets deviates from
Neel states. ' Quantum Iluctuations play a significant role
for low-dimensional systems and small values of the spin.
Indeed, the antiferromagnetic chain for spin S = —,'
displays no long-range order for isotropic interactions.
For the corresponding two-dimensional case, numerical
simulations point to a nonvanishing staggered magnetiza-
tion at T =0, but a substantial reduction of the magnetic
moment from its saturation value is obtained. This phys-
ical picture seems to explain the behavior of antiferro-
magnetic copper oxides that become high-T, supercon-
ductors. Among those, La2Cu04 is a prototype oxide and
and a likely candidate to be a two-dimensional antifer-
romagnet with S =—,'.
In spite of the exact solution for the one-dimensional
case, the structure of the ground-state wave function
continues to be a matter of interest, especially in relation
to high-temperature superconductivity. The resonating-
valence-bond solution originally proposed by Anderson
for the two-dimensional case resembles a liquid-type sys-
tem without long-range order. The Anderson wave func-
tion is expressed in a particular representation as a prod-
uct of elementary bonds between nearest neighbors. At
first sight, this wave function appears very different from
the running wave exact solution obtained via the Bethe
ansatz. This fact is not foreign to solid-state physics. As
an example, we recall that band theory can be formulated
either in Bloch or Wannier representations.
In this paper we will compare two approximate
schemes for antiferromagnetism, which follow extreme
assumptions concerning the nature of fluctuations over
the Neel states. If an Ising anisotropy term is introduced
in the Heisenberg Hamiltonian (Heisenberg-Ising model),
a sublattice structure is obtained, which leads to Neel
states in the limit of large anisotropy. A linear-spin-wave
theory can be formulated in a straightforward manner, '
and the approximate ground state is defined as the vacu-
um of spin-wave quanta. On the other hand, looking
again at the Ising limit with a ground state of Neel type,
switching the transverse part of the Heisenberg Hamil-
tonian may be visualized as a disordering process, where
pairs of neighboring spins are simultaneously flipped, the
ground state being a quantum superposition of com-
ponents contained in the manifold of total S, =0. This
effect has been systematically observed in numerical
simulations for anisotropic Heisenberg chains, and was
used by Lagos and the author as the heuristic base for the
construction of a trial solution. This latter localized ap-
proach works successfully in the highly correlated re-
gime. Near the isotropic point, however, a delocaliza-
tion transition occurs, and linear-spin-wave theory be-
comes a better approximation when compared with exact
results or numerical simulations. The present paper is
devoted to a detailed comparison between both pictures,
fixing ranges of validity and reasons of failure. As in ear-
ly works, ' the ultimate aim points to elucidating the
structure of the antiferromagnetic ground state, at least
within efBcient approximate schemes, and in a way that
allows extension to arbitrary dimensions.
We open Sec. II with a brief presentation of our trial
wave function (localized picture). In Sec. III, the linear-
spin-wave theory for anisotropic systems is formulated as
a straightforward extension of the standard approach. '
An explicit expression for the ground state is then ob-
tained using Neel states as references, thus allowing a de-
tailed comparison with the trial ground state proposed
through the localized picture. We also provide closed
analytic expressions, within both pictures, for the
ground-state energy and the staggered magnetization in
one and two dimensions. These results are compared
with exact results for the one-dimensional case and with
numerical simulations for two dimensions. We reserve
Sec. IV for comments and discussions.
II. THE TRIAL SAUK FUNCTION
FOR THK LOCALIZED PICTURE
For completeness, we will present a brief summary of
this material. Most of the results have already been pub-
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lished and are available in the literature. '
The one-dimensional case will be worked out with
some details as an instructive example. The following
Heisenberg-Ising Hamiltonian will be studied:
&=J its, (m)S, (m+I)
+a[S,(m)S„(m +1)+S (m)S (m +1)]I,
with periodic boundary conditions. In (1), the exchange
constant J is positive, and S„(m), S (m), and S,(m), are
the spin operators for S = —,' at site m. This Hamiltonian
is said to represent the so-called XXZ model, with the
axial-anisotropy region confined to the interval 0~ o. (1.
For the Ising limit (a =0), the ground state is of the Neel
type, and one has to choose one of the two possible Neel
states as a reference state. They both are connected by
the time-inversion operator, the ground state of the
infinite chain being a doublet in the anisotropic region.
For our developments here, we will choose the Neel state
~N &, where eigenvalues of S,(m) operators are —,'( —1)
With the usual definition of spin-ladder operators, we
define boson-like operators by
1/2





—,'aN+ g S+ (m)S (m + 1)
m odd
(2b)
where X is the total number of sites in the lattice. Opera-
tors defined by (2) fiip pairs of neighboring spins when ap-
plied to the reference Neel state ~N &. Two sequences
with translational symmetry are possible, which we label
by even and Odd. It is apparent that our treatment has a
broken symmetry, since a similar construction can be
realized with the other Neel state S,~—,'( —1) +', inter-
changing the roles of operators (2a) and (2b). In the
quasi-Ising limit, the ground state is close to ~N &, and
under this assumption we obtain the following algebra for
the P's:








which can be recognized as a quantum-mechanical
coherent state. The structure of state (5) is extremely in-
teresting. The action of (t operators somehow disorders
the Neel state ~N &, and the resulting state is a quantum
superposition with interference and resonating proper-
ties. However, this coherent wave packet displays long-
range order, in spite of quantum fluctuations. The mag-
netic moment is reduced from its saturation value, the
reduction being dependent on the anisotropy parameter
o.. In our picture, weights for fluctuations over the Neel
states increase as long as we go from the Ising region to
the isotropic or Heisenberg point (a= 1 ).
The same procedure can be extended to arbitrary di-
mensions by defining the operators:
1/2 1/2
g S+(R+5)s (R)+ 2(z —1) 2
(6)
where IR] label sites in a sublattice, and I5I the set of
nearest neighbors. Our formalism is valid for lattice
structures that can be divided into two equivalent sublat-
tices and are not frustrated for antiferromagnetic order-
ing. In the general case, we end up with z independent
operators, where z is the coordination number. In the
highly correlated regime, we assume that the expectation
values are near the situation:
[Ps Pp]=5sp [Ps,gp]=0,
and the Heisenberg Hamiltonian reduces to an extension
of formula (4):
(s, (R.)&=-,', (s,(R+5)&=—,',
in which case the P's operators defined by (6) satisfy the
Bose commutation relations:
&=(z —1)Jg PsPs+E (a)+H', (8)
[P. P ]=[go Po]=1 [P. Po]=[go P ]=0
which are boson-like commutation relations. Within the
same approximation, and restricting ourselves to the
manifold S, =O, the Heisenberg Hamiltonian (1) can be
written as a two-mode harmonic-oscillator Hamiltonian:
where H' is a residual term that goes to zero when n —+0.
The ground state is defined as the vacuum of the P's
through the condition $~0&=0. Once we assume the
asymptotic limit of the Hamiltonian (8), ~0& can be given
in closed form:
~=J(4,'0, +boffo)+ E,«» (4) iO&
=exp
where Es (a ) is the ground-state energy (vacuum of P bo-
sons). Now, we would like to represent our ground state
~0& in terms of fluctuations over the Neel state ~N &, ac-
cording to the discussion made in the Introduction. This
can be done in closed analytic form, and after a little
algebra one finds
where ~N & is the Neel state that assigns the up spin to
the t R] sublattice and the down spin to the other
IR+5]. Our trial wave function is given again in the
form of a coherent state, but now in relation to several
oscillator modes. One can realize, however, that the im-
portance of quantum fluctuations diminishes for higher
dimensions, due to the factor a/2(z —1) which appears
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Io) =UIN), (10)
calculation of the expectation value of an arbitrary opera-
tor Q for the ground state, leads to the canonical trans-
formation,
in the exponential. Defining the unitary operator U by




yk ——g exp(ik. 5),
Z








For the spin operators, (11) is solved in closed analytic
form in terms of Bessel functions of integer order. Re-
sults for one and two dimensions, for the ground-state en-
ergy, and the staggered magnetization are given below: with the corresponding suppression of the Goldstone
mode' for a (1. Within the linear approximation, the
Heisenberg Hamiltonian is written as
&=—zJS No Nocoo+—X ~k(a«a«+~a~«+
k
(19)
yk is the so-called structure factor, and tok yields the mag-
non dispersion relation. Anisotropy a induces a gap in
the spectrum, of size
( 1 a2)1/2
M., =2I (oIS.(r) Io & I ~D= Jo(2a)
E,=(~),
XJ 4[Jo(2a/3)+ Jo(2a/3) J I (2a/3)2
(12b)







M, =2I (OIS, (r) Io) I2D= Jo(2a/3) .
(13a)
(13b)
We will comment on these results later on in this paper.




g exp[ —ik (R+5)]D«,
k
(15)
where, as before, [R] and [R+5I refer to diff'erent sub-
lattices, %0 is the number of sites in one of the equivalent
sublattices, and k is a wave vector in the reduced Bril-
louin zone. The resulting quadratic Hamiltonian can be
put into diagonal form by a Bogoliubov transformation, '
which defines magnon variables ak and Pk.
The Anderson theory for spin waves' in antiferromag-
nets was formulated for the isotropic Heisenberg Hamil-
tonian. Extensions in the presence of anisotropy are
straightforward. Here, we follow closely the treatment
by Kittel. " In the linearized regime, we define running
spin-wave creation and destruction operators by
S+(R)= g exp( ik R—)C«,2S (14)
where d is the dimensionality of the system. For the con-
tinuous approximation, the above sum reduces to a multi-
ple integral over the reduced Brillouin zone. Analytic or
numerical methods are used to evaluate the above in-
tegrals. The zero-point staggered magnetization is given
b 11
(S,(R)) =S— g Uk,1
0 k
(20)
which for the continuous approximation is recognized as
a Watson integral. ' For the one-dimensional case, the
above integral diverges at a= 1, indicating the absence of
long-range order for the isotropic case. If numerical
methods are used to evaluate the integrals over the Bril-
louin zone, an efficient scheme with special points can be
devised 15
The crucial question now, for comparing with the lo-
calized wave function of Sec. II, is to write the vacuum of
magnons as fiuctuations acting over Neel states. In other
words, we have to solve for IOsw) from the equations
a«Iosw & =)-'1«I0sw & =0
and express our result in terms of Neel states. This is
done in closed analytic form following the procedures de-
scribed in Sec. II. We quote the result below:
k ukCk Ukak (16a) l0sw &
=exp g Pk(a«Pk a«I3«) IN &,
k
(21)
~k u kDk Uk Ck
where u and U can be chosen as real with
uk Uk =12 2—
and
(16b) where the phase yk is defined through relation (17). If we
define an operator Qk by
Q k ak~k
the following commutation relation is obtained:




showing that they are not Bose operators, except when
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projected over the ground-state (21). Using spin-wave
variables, we have the identity
k) k ~k~k CkDk CkDk
and substitution in (21) gives us another representation of
the ground wave function. Subsequent use of relations
(14) and (15) provides the required form in site represen-
tation:
~0sw) =exp g g f(R, r)(S (R)S+(r)
R r
For the two-dimensional case, no exact solutions are
available, and we have to resort to numerical simulations.
We have included in Fig. 2 the extrapolated results ob-
tained through Monte Carlo, and results from a Lanczos
calculation for the 4 X 4 periodic finite lattice. The
Lanczos calculation displays size effects near the isotro-
pic point.
Our trial solution ~0) yields results that show a re-
markable agreement with exact results or simulations in
the strong anisotropy region, even for the one-
dimensional case. Our solution is still a good approxima-
—S (r)S+(R)] ~N),
f (R,r)= g gkexp[ —ik. (R—r)],1&0 i, (22)
i.e., f (R, r) is the Fourier transform of phase yk of Eq.
(17). Expression (21) for the ground state and its
equivalent site-representation (21a) are very instructive.
They show that fluctuations over the Neel state, within
the spin-wave picture, can be visualized as processes
where we simultaneously Aip a pair of spins in different
sublattices, but, in contrast to the case of Sec. II, the
spins may be spatially separated. Intuitively, one realizes
that in the highly correlated regime (small a), most likely,
processes come from nearest-neighbor spins [this can be
explicitly calculated looking at the limit of f (R, r) for
small a]. As long as we proceed in the direction toward
the isotropic point, a delocalization of pairs occurs, thus
marking the respective ranges where both pictures are
valid.
IV. RESULTS AND DISCUSSION
(2 la)
where [R] and Ir] refer to arbitrary sites in the up and
down sublattices, respectively. The two-point function

















In this section, we compare the results from both pic-
tures with the exact results, when available, or with nu-
merical simulations. The linear chain and the square lat-
tice have been chosen for illustrative purposes. We
display the ground-state energy per spin and the stag-
gered magnetization for the two cases in Figs. 1 and 2.
We show the available exact results for the one-
dimensional case, the exact values for the ground-state
energy of the anisotropic Hamiltonian obtained by Or-
bach' using the Bethe ansatz, and the exact expression
for the staggered magnetization obtained by Baxter. We
note that a divergence of fluctuations occurs at a = 1 for
spin waves.
Strange as it may appear, the exact solution, via the
Bethe ansatz' for the anisotropic Hamiltonian (1), makes
no reference to sublattices. The Bethe wave function is
constructed with amplitudes that are obtained superpos-
ing running waves, with real wave vectors. A Fourier
analysis shows, however, that localized distributions
(wave packets) can be obtained from plane-wave superpo-
sitions.
ANISOTROPY CX
FIG. 1. Ground-state energy and the staggered magnetiza-
tion for the one-dimensional case: (a) The ground-state energy
per spin (in units of J) is plotted as a function of anisotropy a.
Exact results by Orbach (Ref. 16) are shown with crosses, and
analytic results calculated from formula (12a) for the ~0) wave
function, are shown by the solid line. Squares are calculated
within the linear-spin-wave theory (dotted line is a guide for the
eye). A cross-over between the localized approach and the
spin-wave treatment is obtained around a-0.9. (b) The corre-
sponding staggered magnetization, or long-range order parame-
ter. Exact results (with crosses) are obtained from Baxter's for-
mula (Ref. 2). For the spin-wave result (squares), a divergence
of fluctuations is obtained at the isotropic point, thus predicting
that the transition to the disordered phase occurs at o,'=1, in
agreement with the exact result (although the exact expression
vanishes exponentially at the isotropic point). In contrast, the
localized wave function (5) still yields a fairly large magnetic
moment at the isotropic point.
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tion for fairly large values of the anisotropy parameter
(a-0.7), in spite of the asymptotic character of the solu-
tion. This is a clear hint that the proposed structure of
the ground state is essentially correct.
A crossover with the linear-spin-wave theory occurs
close to o. -0.9. Our localized picture and the linear-
spin-wave approach are opposed approximations of the
same phenomena. On physical grounds, we expect the lo-
calized approach to be a better description for the high
anisotropy regime, and a delocalization transition may
occur when the anisotropy is reduced. As we showed in
Sec. III, this e6'ect is related to fluctuations where a pair
of distant spins is reversed as a direct process, and not as
a higher-order term obtained by Gipping several pairs of
nearest neighbors.
In general, for arbitrary dimension, we can state that
our coherent state ~0) overestimates long-range order at
the isotropic point. The detailed comparison with spin
waves made here discloses the limitations of the localized
n —1
S (n)=exp rn g —C C C„,
m =1
(23)
where the (C,C ) are fermion operators at the mth site.
Transformation (23) maps our Hamiltonian (1) into the
fermion Hamiltonian given below:
approach near the isotropic point and suggests how to
improve the approximation. A desirable target would be
an approximate scheme, simple enough to enable analytic
calculations, which interpolates between both pictures
discussed here. This subject is currently under study.
Bethe's original work on the Heisenberg model was in-
tended as a theory for a one-dimensional metal. Indeed,
Hamiltonian (1) for s =—,' is equivalent to a spinless fer-
mion model, the so-called lattice Thirring model (see
Gaudin, Ref. 5). This equivalence is easily realized by
means of the Jordan-Wigner transformation' for the
linear chain:
&=Jg(n +, ——,')(n ——,')
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with n =C C being the fermion number operator,
Hamiltonian (24) is also obtained from an extended Hub-
bard model' for a half-filled band, in the limit of infinite
on-site repulsion. Exchange constant J plays the role of
nearest-neighbor Coulomb interaction (repulsive for
J )0), and the transverse constant Ja/2 can be identified
as the hopping integral (and related to the band width).
Our expressions of Sec. II are readily translated into fer-
mion language. ' Spin states ( 1, 1 ) are mapped into
diA'erent occupancy states at a given site in the lattice
(1,0), and Neel states are represented by the kets:
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1.00
FIG. 2. Same quantities shown in Fig. 1, but now for the
two-dimensional case: (a) and (b) Crosses display exact numeri-
cal results obtained using the Lanczos method for 4X4 finite
periodic lattice (Ref. 9), and open circles show extrapolated re-
sults for the infinite lattice computed via the Monte Carlo algo-
rithm (Ref. 3). Most numerical simulations predict a nonvan-
ishing staggered magnetization at the Heisenberg point from
below (a~ I —e), but there are still open questions concerning
the order of the phase transition (Ref. 3).
Those are the prototype states for the insulating regime
in the hmit of a~Q. The band part of Hamiltonian (24)
disorders the above states, and two types of processes can
be envisaged: For small e, nearest-neighbor hopping is
dominant, and repulsion between nearest neighbors is
compensated by a reduction of the kinetic energy. A rigi-
dity of the insulating regime manifests itself through the
presence of long-range order. On the other hand, our dis-
cussion in this paper shows that a delocalization of hop-
ping occurs near the isotropic point (a=1), indicating
the proximity of the metallic phase.
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